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An immersed boundary method (IBM) has been developed and incorporated into the coupled discrete element method and
computational fluid dynamics (DEM-CFD) approach to model particulate systems consisting of a compressible gas and
solid particles with complex and/or moving boundaries. The IBM is used to deal with the interaction between gas and
complex and moving boundaries by using simple rectangular grids to discretize the fluid field. The developed method has
been applied to simulate some typical powder handling processes (e.g., gas fluidization with an immersed tube, segregation
in a vertically vibrated bed, and pneumatic conveying). Good agreement is achieved between the present simulation results
and the experimental ones reported in the literature. It has been demonstrated that the capacity of DEM-CFD is enhanced
with the incorporation of IBM, which can be used to simulate a wide range of problems that could not be handled with the
conventional DEM-CFD method. VVC 2012 American Institute of Chemical Engineers AIChE J, 59: 1075–1087, 2013
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Introduction

Fluid-solid particle two-phase flows are ubiquitous in indus-
trial applications and biological systems, such as gas fluidiza-
tion, pneumatic conveying, die filling, and blood flow. Under-
standing the two-phase flow behavior in these processes is
crucial for the design of industrial equipment and revealing
the operative mechanisms of biological systems. In recent
years, a coupled discrete element method (DEM) and compu-
tational fluid dynamics (CFD) approach has been widely used
to model fluid-solid particle flow problems,1 since it was first
introduced by Tsuji et al.2,3 In this method, two-way coupling
of fluid–particle interaction is considered, and both fluid and
particle can be analyzed in detail.

In general, fixed and rectangular grids were used in the
coupled DEM-CFD method for the discretization of fluid
domain due to the simple numerical implementation and low
computational cost. However, difficulties arise when dealing
with complex and/or moving boundaries that do not conform
to the grids. However, this problem can be resolved with
using an immersed boundary method (IBM) that was first
proposed by Peskin4 and allows the use of rectangular grids
for arbitrarily complex geometries. IBM has since been
applied to model incompressible flows primarily4–11 and was
advanced to compressible flows recently.12–14

The main idea of this method is to introduce a virtual
body force field such that a desired fluid velocity distribution

can be imposed over a solid boundary. The virtual body
force field is normally determined by two major methods:
feedback forcing and direct forcing.7 The feedback forcing
method has been successfully applied to simulate biological
and multiphase flows with elastic boundaries.4,5 In this
method, two adjustable parameters need to be tuned for the
feedback force according to the frequency of flow. For a
strongly unsteady flow, the adjustable parameters have to be
sufficiently large to restore force at a frequency which is
higher than any frequency in the flow.7 This leads to much
stiffer governing equations for the fluid so that very small
time steps are required for the time integration. Mohd-Yusof
6 has derived an alternative formulation of the forcing, that
is, direct forcing, which does not involve any adjustable
parameters and has no influence on the stability of the time
integration scheme. In the direct forcing method, the forcing
is introduced at the first grid points external to the solid
body by assigning them velocities obtained by the interpola-
tion of the velocities at the second grid points and at the
solid boundary. Recently, Kajishima et al.10 and Yuki
et al.11 proposed that the forcing applied to a fluid cell can
be simply approximated by the solid volumetric fraction and
the relative velocity of two phases in that cell. By compari-
son, the IBM with this forcing method produced nearly the
same results as the IBM with the direct forcing method in
modeling fluid flow past a circular cylinder,11 but the former
is much more computationally efficient than the latter.

In this study, the IBM introduced by Kajishima et al.10

and Yuki et al.11 for incompressible flows has been extended
and incorporated into our existing DEM-CFD code15 to sim-
ulate slightly compressible gas-particle two-phase flows with
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complex and/or moving boundaries. This article is organized
as follows: a comprehensive description of the governing
equations and numerical approaches is presented first and,
thereafter, several typical applications of the developed
method such as gas fluidization with an immersed tube, seg-
regation in a vertically vibrated bed, and pneumatic convey-
ing in a cylindrical pipeline are illustrated and discussed.
Finally, conclusions are drawn.

Governing Equations and Numerical Method

The typical multiphase system considered involves a fluid,
many fine solid particles, and one or more large solid objects
(LSOs), as shown in Figure 1. The fluid and fine solid par-
ticles can be present outside or inside the LSOs. The fluid
dynamics is analyzed using CFD, and the motions of indi-
vidual solids are analyzed using DEM. The interactions
between the fluid and the fine particles (the number of which
could be large) are approximated by an empirical drag force
model for reducing computational cost, although the detailed
information on how the fluid flows around a single particle
cannot be resolved using this method. However, when a
LSO is present in the system, the detailed information of
fluid flow near the LSO could become crucial when deter-
mining the macroscopic behavior of the multiphase system.
Under this condition, the surface of the LSO should be
treated as the solid boundary for the fluid flow. Therefore,
an IBM is developed to model the interaction between the
fluid and LSOs, with which the fluid flow can be resolved to
the boundary layer scale. A further cost benefit of IBM is
the ability to deal with complex and/or moving boundaries
using simple rectangular grids.

Motion of fine solid particles

The translational and rotational motions of each fine
spherical particle are governed by Newton’s equations of
motion

mi

dvi

dt
¼ fci þ f fpi þ mig (1)

Ii
dxi

dt
¼ Ti (2)

in which mi, Ii, vi and xi are the mass, moment of inertia, linear
velocity, and angular velocity, respectively, of the particle i, g
is the gravitational acceleration, fci is the sum of the
interparticle contact forces and the particle-LSO contact force,

and ffpi is the fluid-particle interaction force, and Ti represents
the torque arising from the tangential components of the
contact forces. The particles considered in this study are
assumed to be elastic and frictional, and the calculations of the
interparticle and the particle-LSO contact forces are based on
classical contact mechanics theory,16 in which the theory of
Hertz17 is used to determine the normal force and the theory of
Mindlin and Deresiewicz18 is used for modeling the tangential
force.

Fluid–fine solid particle interaction

The fluid field is resolved at the scale of the computa-
tional fluid cells, whose sizes are larger than the fine solid
particles (Figure 1). Therefore, it is impossible to extract the
detailed fluid flow around a single particle. However, the
resultant force of the interaction between the fluid and each
fine solid particle can be evaluated based on the size and
velocity of the particle and the local fluid variables averaged
over the fluid cell in which the particle resides. According to
Anderson and Jackson,19 this force may be expressed as

f fpi ¼ �vpirpþ vpir � sf þ efdi (3)

where vpi is the volume of particle i, p, and sf are the local
fluid pressure and viscous stress tensor, e is the local void
fraction, and fdi represents the drag force acting on particle i.

Assuming a Newtonian flow, the viscous stress tensor sf,
can be written as

sf ¼ lb �
2

3
ls

� �
r � uf

� �
dþ ls ðrufÞ þ ðrufÞT

h i
(4)

where uf is the fluid velocity, lb and ls are the bulk viscosity
and shear viscosity, respectively, and d is the identity tensor.

For the flow of a fluid through a packed bed of fine par-
ticles, Di Felice20 proposed an empirical correlation to calcu-
late the drag force, fdi, acting on an individual particle as
follows

fdi ¼
1

2
CDiqfj

pd2
pi

4
e2

j jufj � vijðufj � viÞe�ð#þ1Þ
j (5)

where, qfj, ufj and ej are the fluid density, fluid velocity, and
void fraction of the fluid cell j in which particle i of diameter
dpi resides, and CDi is the fluid drag coefficient for a single
unhindered particle. The void fraction function e�ð#þ1Þ

j corrects
for the presence of other particles. The parameters CDi and W
can be expressed as the functions of the Reynolds number of
particle i (see Di Felice20).

Fluid flow

The dynamics of a compressible fluid in a particulate sys-
tem is governed by the following continuity and momentum
equations

@ðeqfÞ
@t

þr � ðeqfufÞ ¼ 0 (6)

@ðeqfufÞ
@t

þr � ðeqfufufÞ ¼ �rpþr � sf � Ffp þ eqfg (7)

in which, the fluid–particle interaction force per unit volume
Ffp, is obtained by summing up all the ffpi in a fluid cell,

Figure 1. Illustration of fluid-solid system with the fluid
and fine solid particles outside (a) and inside
(b) the LSO.
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defined by Eq. 3, and dividing by the volume of the fluid cell,
Vcell, thus

Ffp ¼ 1

Vcell

Xnc

i¼1
f fpi (8)

where, nc is the number of particle contacts in that fluid cell.
By substituting Eq. 3, Eq. 8 has the form

Ffp ¼ �ð1 � eÞrpþ ð1 � eÞr � sf þ
1

Vcell

Xnc

i¼1
efdi (9)

Substituting Eq. 9 into Eq. 7, the momentum equation can be
expressed as

@ðeqfufÞ
@t

þr � ðeqfufufÞ ¼ �erpþ er � sf � F�
fp þ eqfg

(10)

in which

F�
fp ¼ 1

Vcell

Xnc

i¼1
efdi (11)

In this work, gas-solid particle two-phase flows are studied and
the ideal gas law is adopted to evaluate the gas density, which
could change due to the compressibility

qf ¼
Mf

RT
p (12)

where Mf is the average molar mass of gas (0.0288 kg mol�1

for air), R is the ideal gas constant (8.314472 J K�1 mol�1),
and T is the gas temperature.

Immersed boundary method

An IBM, which was proposed by Kajishima et al.10 for
incompressible flows, is developed for modeling particulate
systems consisting of gas and solid particles. Before deriving
the governing equations, some useful parameters need to
be defined first. As illustrated in Figure 2, the volume of a
single fluid cell, Vcell, can be expressed as the sum of the
volume of the fine particles, Vp, the volume of the LSO,
Vobj, and the volume of the fluid in this cell, Vf. Therefore,

Vcell ¼ Vp þ Vobj þ Vf (13)

The volume fraction of the space excluding the fine particles
in a fluid cell is defined as the effective void fraction, which
can be written as

ee ¼ 1 � Vp

Vcell

¼ Vobj þ Vf

Vcell

(14)

In addition, the volume fraction of the LSO in a cell can be
written as

a ¼ Vobj

Vcell

(15)

Based on the work of Kajishima et al.,10 a unified velocity
field, u, is established to describe the fluid-LSO system by
volume averaging the local fluid velocity, uf, and the local
solid object velocity, Uobj, for each fluid cell, that is,

u ¼ Vf

Vobj þ Vf

uf þ
Vobj

Vobj þ Vf

Uobj ¼
ee � a
ee

uf þ
a
ee

Uobj (16)

The local solid object velocity, Uobj, can be obtained by
averaging the local velocities of solid points over the volume
of the LSO falling in a local fluid cell, Vobj, that is,

Uobj ¼
1

Vobj

Z
Vobj

ðvLOS þ xLSO � rÞdV

¼ vLSO þ 1

Vobj

Z
Vobj

xLSO � rdV ð17Þ

in which, vLSO and xLSO are the translational and rotational
velocities of the LSO and r is the relative position from the
centre of mass of the object to a local point on the object.

By assuming the no-slip and impermeable conditions at
the fluid-solid interface (uf ¼ Uobj), the fluid-LSO as a
whole can be treated as a single continuum with a unified
velocity field, u, which satisfies the following continuity and
momentum equations

@ðeeqfÞ
@t

þr � ðeeqfuÞ ¼ 0 (18)

@ðeeqfuÞ
@t

þr � ðeeqfuuÞ ¼ �eerpþ eer � s� F�
fp þ eeqfgþ f 0

(19)

in which s is given by Eq. 4 but with u replacing uf. The

effective void fraction, ee, is used in the above two governing

equations to account for the effect of the presence of fine

particles. However, in using Eq. 11 to calculate F�
fp and Eq. 5

to calculate the drag force fdi, the real void fraction is used and

obtained from

e ¼ 1 � Vp

Vcell � Vobj

¼ ee � a
1 � a

(20)

The momentum Eq. 19 is similar to Eq. 10 except for the
virtual body force term, f

0
, which is used to correct the velocity

field, u, at the fluid-solid interface and inside the LSO. Using a
first-order finite difference algorithm, the momentum Eq. 19
can be discretized in time as follows

ðeeqfuÞnþ1 ¼ ðeeqfuÞn þ Dt �Hn � Dt � ðeerpÞnþ1 þ Dt � ðf 0Þnþ1

(21)

where

H ¼ �r � ðeeqfuuÞ þ eer � s� F�
fp þ eeqfg (22)

Figure 2. Illustration of the immersion of the fine par-
ticles and large object in a fluid cell.
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and Dt is the time step and superscripts indicate the number of
the time step.

For the computational cells outside the LSO (a ¼ 0 and u

¼ uf), no virtual body forces exist, that is, (f
0
)nþ1 ¼ 0, and

thereby the momentum Eq. 19 reduces to Eq. 10. For the
cells inside the solid object (a ¼ 1), u is equal to Uobj. Sub-
stituting unþ1 ¼ Unþ1

obj , the virtual body forces, f
0
, can be

derived from Eq. 21 in the form of

ðf 0Þnþ1 ¼ ðeeqfUobjÞnþ1 � ðeeqfuÞn

Dt
�Hn þ ðeerpÞnþ1

(23)

For the cells at the fluid-solid interface that are partially
occupied by the LSO, that is, 0\a\1, the virtual body forces
can be evaluated by a first-order linear interpolation using a

ðf 0Þnþ1 ¼ a
ðeeqfUobjÞnþ1 � ðeeqfuÞn

Dt
�Hn þ ðeerpÞnþ1

" #

(24)

To evaluate a for the computational cells at the fluid-solid
interface, Yuki et al.11 proposed a simple algorithm as follows

a ¼ 0:5 � 1 � tanh
D

rkdcell

� �� �
(25)

k ¼ jnxj þ jnyj þ jnzj (26)

r ¼ 0:05 � ð1 � k2Þ þ 0:3 (27)

in which dcell is the cell size, n ¼ (nx, ny, nz) is a normal
outward unit vector at the surface element intersected by the
cell, and D is a signed distance from the cell center to the
surface element. This algorithm was reported to be applicable
to the calculation of a for flow analyses involving arbitrary
shaped and/or deformable solid objects and also it was proved
computationally efficient due to the simplified formulation.11

Motion of LSO

If the LSO neither remains static nor moves with a pre-
scribed motion, its translational and rotational motions are
governed by Newton’s equations of motion

dðmLSOvLSOÞ
dt

¼ �
Z

VT

f 0dV þ fc þ mLSOg (28)

dðILSO � xLSOÞ
dt

¼ �
Z

VT

r� f 0dV þ Tc (29)

in which, mLSO is the mass of the LSO. The first term on the
righthand side of Eq. 28 is the integral of the virtual body force
defined by Eqs. 23 and 24 over the total volume of the LSO,
VT. The parameter fc represents the sum of contact forces
exerted on the solid object from the fine particles. In Eq. 29,
ILSO is the moment of inertia tensor of the LSO. The first term
on the righthand side of Eq. 29 is the integral of the moment
due to the virtual body force over the total volume of the LSO,
and Tc is the torque arising from the interactions between the
fine particles and the LSO. By using the same virtual body
force for the fluid and solid object in a shared cell, the
conservation of momentum can be ensured during the
momentum exchange between phases.11

Numerical procedure

The motions of fine particles and LSO are solved by using
a second-order central finite difference scheme to discretize
the Newton’s equations of motion. For the gas phase, the
governing equations are solved using an adapted version of
Patankar’s SIMPLE algorithm, in which the gas is assumed
to be slightly compressible, and besides the continuity equa-
tion and momentum equation, the ideal gas law Eq. 12 is
also used to correlate the gas density and pressure. This
adapted SIMPLE algorithm has been applied to model the
gas-particle flows in fluidized beds15 and die filling.21,22 The
numerical procedure for each time step of the proposed
method is summarized as follows

Figure 3. Numerical model of the gas-fluidized bed
with a static immersed tube.

The bed of 10,000 monosized particles (dp ¼ 100 lm)

was initially color-banded for visualizing the mixing pat-

terns. Periodic boundary conditions were assigned to the

lefthand and righthand side boundaries. Uniform gas

was introduced at the bottom of the bed at a constant

mass flow rate and exited from the top boundary across

which zero gradients of velocity and pressure were

assigned. The initial superficial gas velocity was 50 mm/s.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 1. Material Properties of the Particles and Tube for
the Fluidization Simulations

Density
(Kg/m3)

Young’s
modulus

(GPa)
Poisson’s

ratio
Friction

coefficient

Particles 2500 8.7 0.3 0.3 (particle-particle)
Tube 7900 210 0.29 0.3 (particle-tube)

Table 2. Initial Conditions of the Gas

Pressure
(KPa)

Density
(Kg/m3)

Shear
viscosity
(Kg/ms)

Bulk
viscosity
(Kg/ms)

Temperature
(K)

Gas 101.325 1.2 1.8�10�5 0 293
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1. Calculate the new velocities and new positions of fine
particles based on Eqs. 1 and 2.

2. Calculate the new velocity and new position of the
LSO: (a) if the LSO keeps static, this step is skipped; (b) if
its motion is prescribed, the calculation is based on the pre-
scribed law of motion; and (c) if it moves freely, the calcula-
tion is according to Eqs. 28 and 29.

3. Calculate the current ee, a, and e of each fluid cell.
4. Calculate the virtual body force, (f

0
)nþ1, from Eqs. 23

and 24 and the velocity field, u
nþ1, from 21 using current

pressure field, p*.
5. Establish the pressure-correction equations based on

the continuity Eq. 18. The corrected pressure, p
0
, for each

fluid cell can be solved from this set of linear equations. The
derivation of the pressure-correction equations is provided in
the Appendix.

6. Calculate the actual pressure field using pnþ1 ¼ p* þ
p
0
.

7. Update (f
0
)nþ1 and u

nþ1 by substituting the actual pres-
sure pnþ1 into Eqs. 23, 24, and 21.

8. Verify the convergence using the continuity Eq. 18. If
the solution has not converged, the procedure is repeated

from Step 4 by treating the newly obtained pressure, pnþ1,
as the current pressure, p*. This loop continues until the
solution converges.

9. Extract the new fluid velocity, unþ1
f , from Eq. 16.

Results and Discussion

Three case studies involving curved and/or moving boun-
daries were performed using the developed method. The first
case is gas fluidization with an immersed tube, the second is
the particle segregation in a vibrating bed, and the third is
pneumatic conveying in a cylindrical pipe.

Fluidization with an immersed tube

In some industrial fluidized bed reactors, tubes are
immersed to provide or remove the heat. A number of
experiments23,24 have been conducted to explore the effects
of immersed tubes on the fluidized behavior. In addition,
some numerical investigations25–27 have also been under-
taken, from which some microscopic and dynamic informa-
tion were obtained. Two major types of methods were used
in the numerical studies: two-fluid modeling27 and coupled
DEM-CFD.25,26 As argued by Yu and Xu,28 the effective
application of two-fluid modeling depends heavily on the
constitutive relations for the solid particle phase and the
momentum exchange between two phases, which are impos-
sible to obtain within its framework. This becomes particu-
larly true when dealing with different types of particles that
should be treated as different phases. This drawback can be
overcome by using the coupled DEM-CFD method. How-
ever, in previous DEM-CFD simulations of fluidized beds
with immersed tubes, the surfaces of the cylindrical tubes
did not conform to the rectangular grids. Consequently, non-
smooth stepwise boundaries were adopted for the fluid flow
around the tubes.25,26 This simplified treatment could result
in significant errors in the numerical modeling. Fortunately,
as discussed above, the effect of the immersion of solid
boundaries within the fluid domain can be more accurately
analyzed using the IBM. Furthermore, using IBM, moving

Figure 5. Time evolution of void fraction in the top and
bottom halves, respectively, of the annulus
with a thickness of 0.8 mm (i.e., eight times
the particle diameter) surrounding the tube
(see Figure 3).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 4. Gas-fluidized bed with a static immersed
tube.

The labels represent the elapsed time in millisecond (ms)

after the start of fluidization. [Color figure can be

viewed in the online issue, which is available at wileyon-

linelibrary.com.]
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boundaries can also be easily modeled when nonstationary
tubes are used (i.e., with moving tubes).

Fluidization with a Stationary Tube. A two-dimensional
(2-D) numerical model of a gas-fluidized bed with a station-
ary immersed tube is shown in Figure 3. Monosized particles
(10,000) (dp ¼ 100 lm) were generated in a rectangular do-
main of 12 � 18 mm2 in which a 5 mm diameter disc was
located along the central vertical axis and centred at a height
of 6.5 mm above the base. The disc represents the cross
section of a horizontal cylindrical tube. The material proper-
ties of the particles and tube (i.e., disc) are listed in Table 1.
Gravity was introduced so that the particles were pluvially
deposited to form the initial bed. Then uniform gas was
introduced at the bottom of the bed at a constant mass flow
rate (qfuf) and exited from the top boundary across which
zero gradients of velocity and pressure were assigned. The
initial conditions for the gas are listed in Table 2. The initial
superficial gas velocity was 50 mm/s. Periodic boundary
conditions were assigned to the lefthand and righthand side

boundaries. The powder bed was initially color banded for
visualizing the mixing patterns during fluidization.

The simulation results are illustrated in Figure 4. Due to the
effect of the presence of the tube on the gas flow, two distinc-
tive features were observed: (1) an air film of variable thick-
ness was intermittently formed below the tube, and (2) a cap
of defluidized particles existed above the tube. These results
were consistent with the experimental observations.23 To quan-
tify the observed behavior, an annulus with a thickness of 0.8
mm (i.e., 8dp) surrounding the tube is defined (see Figure 3),
and this annulus was divided into two halves: top and bottom.
The average void fractions in both halves were determined.

Figure 5 shows the time evolution of the average void
fractions in the top and bottom halves of this annulus. It is
evident that the void fraction in the bottom half is generally
higher than that in the top half. This is consistent with the
observations shown in Figure 4. It is also found that the void
fractions around the tube fluctuate strongly during the pro-
cess of fluidization. This may be due to the periodic genera-
tion and movement of air bubbles. The time instants a–d in
Figure 5 correspond to the snapshots (a)–(d) in Figure 4. At
instant a, an air film is formed below the tube (Figure 4a),
leading to a high-void fraction in the bottom half (Figure 5).
As the air film moves upward, it is split around the tube into
two bubbles with one on each side of the tube (Figure 4b).
The bubbles continue to move up, passing the sides of the
tube (Figure 4c). During this period (from a to c), a peak in
the void fraction of the top half occurs due to the entrance
of the air bubbles into this region. At the same time, some
particles flow to the region below the tube causing a
decrease of void fraction in the bottom half (Figure 5). As
fluidization continues, an air film is created again below the
tube (Figure 4d) and the void fraction in the bottom half
reaches another peak value (Figure 5). This pattern of events
repeats throughout the fluidization process.

Figure 6. Gas-fluidized bed with a tube that vibrates
horizontally in a sinusoidal motion.

Each black arrow represents the local fluid velocity vec-

tor averaged over 4 � 4 neighboring fluid cells. The

lengths of the arrows, indicating the magnitudes of

the fluid velocities, are scaled by the largest one at the

current state. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 7. Tube displacement-time curve (top diagram)
and the time evolution of void fractions in the
left and right halves of the 0.8 mm thick
annulus surrounding the oscillated tube (bot-
tom diagram).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Fluidization with an Oscillating Tube To promote a uni-
form heat exchange between the bed and the immersed tube,
the solid particles in the neighborhood of the tube should be
replaced as frequently as possible. However, the existence of
the cap of the defluidized particles above the stationary tube
may prevent this as the defluidized particles may be over-
heated while the other particles have much less chance to
contact the tube and be heated. To avoid the defluidized
zone, it is proposed to use an oscillating tube that oscillates
horizontally in a sinusoidal mode. Besides the curved boun-
daries which do not conform to the rectangular grid, the
IBM can also deal with the moving boundary conditions.
Therefore, a fluidized bed with a vibrated tube, the surface
of which should be treated as the moving boundary for the
gas-particle flow, can be simulated using the proposed
method. Figure 6 shows the simulation results of a gas-fluid-

ized bed with a horizontally vibrated tube. The numerical
setup of this simulation is the same as that with a stationary
tube, as discussed in the previous section, except that a sinu-
soidal motion is applied to the tube

x ¼ A � sinð2pftÞ (30)

in which, x is the horizontal displacement of the tube relative
to the initial position and t is the elapsed time. The amplitude,
A, and frequency f, of the vibrations are set to 1 mm and
30 Hz, respectively. According to the simulation results, no
defluidized zone is observed using the vibrated tube and the
particles are more uniformly mixed (Figure 6). It is also found
that the air film below a horizontally oscillated tube is much
thinner than that below a static tube. However, large air
bubbles are formed adjacent to the sides of the tube due to the
combined effect of fluidization and horizontal movement of
the immersed tube.

Figure 7 shows the displacement-time curve for the tube
movement and the time evolution of void fractions in the
left and right halves of the 0.8 mm thick annulus surround-
ing the oscillated tube. The displacement is positive (nega-
tive) when the tube is located on the right (left) hand side of
the initial position. It is observed that the void fractions fluc-
tuate periodically with the same frequency as the vibration
of the tube and that the waves in the left side and right side

Table 3. Material Properties of the Particles and Box Walls
for the Vibrated Bed Simulations

Density
(Kg/m3)

Young’s
modulus

(GPa)
Poisson’s

ratio
Friction

coefficient

Bronze particles 8900 110 0.3 0.3 (particle-particle)
Glass particles 2525 63 0.3 0.3 (particle-particle)
Box walls 2525 63 0.3 0.3 (particle-wall)

Figure 8. Behavior of a powder bed vibrated vertically in a sinusoidal motion in a vacuum.

The labels represent the elapsed time in millisecond after the start of vibration. The volume ratio of equal-sized bronze particles

(colored in magenta) to glass particles (colored in yellow) is 25:75%. The same color coding is also applied in Figures 9 and 11.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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are almost in antiphase (i.e., with a phase difference of p).
The time instants a-d in Figure 7 correspond to the snapshots
(a)–(d) in Figure 6. When the tube moves back to the origi-
nal position from the lefthand side at instant a, a large air
bubble lags behind the tube (Figure 6a). As the tube moves
to the farthest position on the right (Figure 6b) and then
goes back to the original position (Figure 6c), an air bubble
is gradually generated on the righthand side of the tube.
Meanwhile, the air bubble on the lefthand side shrinks and
moves upward. During this period (a- c), the void fraction
on the right side increases while the void fraction on the left
side decreases (Figure 7). As the tube continues to move to
the left and then reaches the farthest position on the left
(Figure 6d), the bubble on the righthand side shrinks. After
the instant d, the tube moves back to the original position,
just as the situation at time instant a, and an air bubble is
formed on the lefthand side of the tube. From time instant c
to the end of the cycle, it is observed that the void fraction
on the right side decreases while the void fraction on the left
side increases (Figure 7).

In general, a uniform heat exchange between the particles
and the tube requires the same chance for all the particles to
approach the neighborhood of the tube. In other words, the
residence time in the region close to the tube should be simi-
lar for each particle. In this work, an index, I, is proposed to
describe the degree of the dissimilarity of the settling time
for the particles

I ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N

XN

i¼1

tsi � tsmean

tsmean

� �2
s

(31)

tsmean ¼ 1

N

XN

i¼1
tsi (32)

in which, tsi represents the cumulative time for the particle i
residing in the annulus surrounding the tube during the process
(Figure 3), N is the total number of particles in the system (i.e.,
10,000 in this simulation), and tsmean is the mean value of the
residence time. From Eq. 31, it can be seen that the index, I, is
the root mean square of the normalized difference between the
residence time of each particle and the mean value. Ideally for a
uniform heat exchange, tsi is the same for each particle and,
therefore, I is equal to zero. The larger the value of I, the less
uniformly the heat exchange is. According to Eq. 31, for the
same duration of fluidization (660 ms), I is calculated as 1.27 for
the fluidized bed with a static tube and as 0.82 for the fluidized
bed with an oscillating tube. The smaller value of I for the latter
case proves that the uniformity of the heat exchange between the
particles and tube can be improved by using an oscillated tube.

Segregation in vertically vibrated fine granular mixtures

The segregation of granular mixtures of fine bronze and
glass spheres of similar diameters subject to vertical vibra-
tions was first reported by Burtally et al.29,30 According to

Figure 9. Air-induced segregation of bronze and glass particles subject to a vertical vibration in the presence of
air.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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their experimental observation, the effect of air on the granu-
lar motion was believed to be responsible for the segregation
and the form (‘‘bronze-on-top’’ or ‘‘sandwich’’) was depend-
ent on the amplitude and frequency of the vibration.
Recently, Zeilstra et al.31,32 performed numerical studies of
this phenomenon using a hybrid granular dynamics-CFD
method, and they found the similar results as observed in
previous experiments. However, in their simulations, fixed
and rectangular computational grids were used and, the
lowest computational cells were in general cut by the
bottom plate of the vertically vibrated box.32 Therefore, the
bottom boundary for the air flow did not conform to the bot-
tom plate in their simulations. In addition, they used a free-
slip boundary condition between the air phase and the box
walls. In this study, the IBM was used to model the moving
boundaries (walls of the vibrated box) and no-slip boundary
conditions were assumed for fluid flow.

Two-dimensional simulations of vertically vibrated beds in a
vacuum and in air have been performed. In these simulations,
a powder bed consisting of 1250 bronze particles (colored
magenta) randomly mixed with 3750 glass particles (colored
yellow) is created in a box of dimensions of 8.25 � 13.2 mm2.
Both particle species have a mean diameter of 110 lm with a
Gaussian size distribution (standard deviation ¼ 10 lm). This
leads to a proportion 25:75% by volume for the bronze par-
ticles to the glass ones in the bed. The material properties of
the particles and box walls are provided in Table 3.

The box oscillates vertically in a sinusoidal motion
defined by

y ¼ A � sinð2pftÞ (33)

where, the amplitude and frequency of vibration are A ¼ 0.9
mm and f ¼ 55 Hz, respectively. In addition, damping is
considered to account for the energy dissipation due to the
elastic wave propagation through a solid particle when
particle-particle contacts and/or particle-wall contacts occur.

The normal damping force Fnd and tangential damping force
Ftd are given by

Fnd ¼ 2b
ffiffiffiffiffiffiffiffiffiffiffi
m�Kn

p
Ddn=Dt (34)

Ftd ¼ 2b
ffiffiffiffiffiffiffiffiffiffi
m�Kt

p
Ddt=Dt (35)

in which, Kn and Kt are normal stiffness and tangential
stiffness, respectively, and

1

m� ¼
1

m1

þ 1

m2

(36)

m1 and m2 are the masses of two particles in contact and b is
the damping coefficient. For the particle-wall contact, the
mass of the wall is assumed to be much greater than the
particle (i.e., m2�m1) so that m* is approximately equal to m1.
The normal and tangential displacement incremental, Ddn and
Ddt, dividing by the time step, Dt, represent the normal and
tangential components of the relative particle velocity at the
contact point. The damping forces are added to the normal and

Figure 11. Compaction and expansion of the powder
bed during a single cycle of the vibration in
the presence of air.

Each black arrow represents the local fluid velocity

vector averaged over 3 � 3 neighboring fluid cells. The

lengths of the arrows, indicating the magnitudes of the

fluid velocities, are scaled by the largest one at the cur-

rent state. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]

Figure 10. Experimental observation of air-induced
segregation in a vertically vibrated bed by
Burtally et al.30

The volume ratio of the bronze particles (dark) to the

glass ones (white) was set to 25:75%. The snapshots

form a time sequence from upper left to lower right.
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tangential contact forces to provide the contribution to the out-
of-balance forces acting on the particles from that contact. In
this work, the damping coefficients are assigned as b ¼ 0.048
for particle-particle damping and b ¼ 0.064 for particle-wall
damping. When air is present, the box is assumed to be a
closed system without air leaving or entering. The air inside
the box has the initial conditions as shown in Table 2. This set-
up is consistent with one of those used in the numerical work
of Zeilstra et al.32

Figures 8 and 9 show the simulation results in a vacuum
and in air, respectively. For vibration in a vacuum, the par-
ticles are strongly agitated and the surface of bed becomes
severely tilted after the early stage of vibration. No obvious
segregation occurs under vacuum conditions (Figure 8).
When air is present, clusters of bronze particles are formed
gradually and move upward in the bed. Finally, a layer of

bronze particles is obtained at the top of the system with a
bed of exclusively glass particles at the bottom (Figure 9).
The simulation results are in good agreement with previous
experimental observations,30 as shown in Figure 10.

The snapshots at different stages within a cycle of vibra-
tion in the presence of air are shown in Figure 11. Red
arrows represent the air velocity vectors. As the box moves
upward, the powder bed is compacted under the combined
effects of gravitational force and the force from the base
plate of the box (Figure 11a). When the box almost reaches
the highest position, the powder bed continues to move up
due to inertia, forming a gap between the bed and the bot-
tom plate (Figure 11b). During this period, the air flows
upward. As the box moves downward, the air is forced to
flow downward and pass through the powder bed. The bed
falls down due to the gravitational force and the air drag. As
discussed in our previous work,21 the particles of lower den-
sities are affected more significantly by the air drag due to
the smaller inertia. Therefore, the glass particles, which have
a lower density, fall down faster than the bronze particles
due to the larger acceleration obtained from the air drag.
This causes expansion of the powder bed (Figures.11c and
d). In this process, the formation of some voids in the bed
provides the space for the downward air flow to entrain the
glass particles to the relatively lower region compared to the
bronze particles.

The time evolution of the average height of the bronze
particles relative to the glass particles during the process of
vibration is shown in Figure 12. Under vacuum conditions,
the relative height between the bronze and glass particles
fluctuates slightly around zero. In the presence of air, the
average height of the bronze particles relative to the glass
particles increases with significant fluctuations. In general, as
the box moves upward the relative height of bronze particles
decreases due to the deposition of bronze particles caused by
the higher inertia. As the box moves downward the relative
height of bronze particles increases because the glass par-
ticles are dragged down by the air. The extent of the

Figure 12. Time evolution of the average height of the
bronze particles relative to the glass ones
during vibration in a vacuum and in air.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 13. Snapshots of the initial state (a) and a typical state (b) during pneumatic conveying of granular materials
in a cylindrical pipeline.

The particles were initially color banded for visualization purposes. Periodic boundary conditions were assigned to two ends of

the pipe. The transport of particles was driven by the gas injection at a velocity of 0.5 m/s from the left hand side end. The arrow

below the pipe indicates the direction of the flow of gas-particle system. [Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 4. Material Properties of the Particles and Cylindrical Wall for the Pneumatic Conveying Simulations

Density (Kg/m3) Young’s modulus (GPa) Poisson’s ratio Friction coefficient (Case I) Friction coefficient (Case II)

Particles 2500 8.7 0.3 0.05 (particle-particle) 0.3 (particle-particle)
Cylindrical wall 7900 210 0.29 0.05 (particle-wall) 0.3 (particle-wall)
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increase is normally greater than that of the decrease, so that
the relative height of bronze particles increases gradually
during the vibrating process.

Pneumatic conveying in a cylindrical pipeline

Three-dimensional simulations of pneumatic conveying in
a cylindrical pipeline have also been performed, as shown in
Figure 13. A monodisperse system with 3,000 particles (dp

¼ 130 lm) was generated inside a cylinder with a diameter
6 mm and a length 7.2 mm. The particles are color banded
for the visualization of the macroscopic behavior of the par-
ticle system. The material properties of the particles and the
cylindrical wall are listed in Table 4. Two sets of friction
coefficients are used.

For the calculation of gas flow using CFD, the computa-
tional domain is meshed by a 3-D rectangular grid. The cy-
lindrical wall is immersed in the grid and the IBM is used to
model the gas flow in the boundary cells by treating the cy-
lindrical wall as a no-slip and impermeable boundary. Peri-
odic boundary conditions are applied to the two ends of the
pipeline and the gas is injected at a constant mass flow rate
at the lefthand side. The gas inside the pipeline has initial
conditions as given in Table 2 and the initial gas inflow
velocity is 0.5 m/s.

Using the numerical simulations, the effects of particle and
wall properties, gas properties, and superficial gas velocity on
the transport of particles can be quantitatively explored. Fig-
ure 14 shows the particle number fraction as a function of the
time-averaged particle velocity for different sets of friction
coefficients. With lower friction coefficients (lpp ¼ lpw ¼
0.05), the largest number fraction, nearly 50%, is obtained for
the particles having a time-averaged velocity in the range
0.05–0.1 m/s. The particle number fractions with velocities in
the range 0–0.05 m/s and 0.1–0.15 m/s rank the second and
third, respectively. The particles having velocities above 0.15
m/s are only a small fraction. When higher friction coeffi-
cients (lpp ¼ lpw ¼ 0.3) are used, the number fraction of par-
ticles with velocities above 0.05 m/s is significantly reduced
and most of the particles (more than 90%) have velocities
below 0.05 m/s. Therefore, as the friction coefficients
increase, it becomes more difficult for the particles to be con-
veyed by the gas and the transport rate of granular materials
during pneumatic conveying is consequently reduced.

Conclusions

An IBM has been developed to model particle laden flows
with complex and/or moving boundary conditions. The basic
idea of this method is to introduce a virtual body force field
such that a desired fluid velocity distribution can be imposed
over a solid boundary. The virtual body force acting on a
fluid cell is determined by the solid volume fraction and rel-
ative velocity of the two phases in a particular cell. By
incorporating the IBM into the existing DEM-CFD model,
an enhanced method is developed to model the behavior of
multiphase systems which involves a fluid, many fine solid
particles and one or more LSOs. In this method, the fluid–
fine particle interactions are approximated by an empirical
correlation for the drag force to achieve low computational
cost, while the fluid–large object interaction is solved using
the IBM to obtain the detailed information of fluid flow
around the object. A significant advantage of the developed
method is the ability to handle large objects or arbitrary
shaped boundaries whilst still retaining the cost effective dis-
cretization of the fluid domain using rectilinear grids.

To illustrate the potential applications of this developed
DEM-CFD-IBM approach, case studies have been
performed: (1) gas fluidization with an immersed tube, (2)
segregation in a vertically vibrated bed, and (3) pneumatic
conveying in a cylindrical pipeline. The simulation results
have been compared with the previous experimental results
available in the literature and it is found that some typical
features observed in the physical experiments are also
obtained in the present simulations. This broad agreement
demonstrates that the developed method is capable of model-
ing particulate flows consisting of fluids and particles with
complex and/or moving boundaries.
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Appendix: Derivation of Pressure-Correction
Equations

In this appendix, the pressure-correction equations are
derived for 2-D problems, which can be easily extended to
3-D problems. As shown in Figure A1, the fluid quantities
are defined at the different locations of the background grid.
The fluid velocity vectors (u) are located on and perpendicu-
lar to the cell faces, and the pressures (p) are located in the
cell centers. The continuity Eq. 18 for the cell O can be
written in a discretization fashion as

ðeeqfÞnþ1
O � ðeeqfÞnO þ Dt

Dx
½ðeeqfuÞnþ1

2 � ðeeqfuÞnþ1
1 �

þ Dt
Dy

½ðeeqfuÞnþ1
4 � ðeeqfuÞnþ1

3 � ¼ 0 ðA1Þ

By substituting the virtual body force expression, Eq. 23, the
discretized momentum Eq. 21 can be written as

ðeeqfuÞnþ1 ¼ ð1 � aÞðeeqfuÞn þ ð1 � aÞ � Dt �Hn

� ð1 � aÞ � Dt � ðeerpÞnþ1 þ a � ðeeqfUobjÞnþ1 ðA2Þ

Substituting the ideal gas law Eq. 12 and replacing the qf at
the time step number (nþ1) on the righthand side of Eq. A2
gives

ðeeqfuÞnþ1 ¼ ð1 � aÞðeeqfuÞn þ ð1 � aÞ � Dt �Hn

� ð1 � aÞ � Dt � ðeerpÞnþ1 þ a
Mf

RT
:ðeepUobjÞnþ1 ðA3Þ

By applying (A3) to each face of the cell O, we can have

ðeeqfuÞnþ1
1 ¼ ð1 � a1ÞðeeqfuÞn1 þ ð1 � a1Þ � Dt � ðHxÞn1

� ð1 � a1Þ �
Dt
Dx

� ðeeÞnþ1
1 � ðpnþ1

O � pnþ1
W Þ

þ aMf

2RT
� ðeeÞnþ1

1 � ðpnþ1
O þ pnþ1

W Þ � ðUx
objÞ

nþ1
1 ðA4-1Þ

ðeeqfuÞnþ1
2 ¼ ð1 � a2ÞðeeqfuÞn2 þ ð1 � a2Þ � Dt � ðHxÞn2

� ð1 � a2Þ �
Dt
Dx

� ðeeÞnþ1
2 � ðpnþ1

E � pnþ1
O Þ

þ aMf

2RT
� ðeeÞnþ1

2 � ðpnþ1
O þ pnþ1

E Þ � ðUx
objÞ

nþ1
2 ðA4-2Þ

ðeeqfuÞnþ1
3 ¼ ð1 � a3ÞðeeqfuÞn3 þ ð1 � a3Þ � Dt � ðHyÞn3

� ð1 � a3Þ �
Dt
Dy

� ðeeÞnþ1
3 � ðpnþ1

O � pnþ1
S Þ

þ aMf

2RT
� ðeeÞnþ1

3 � ðpnþ1
O þ pnþ1

S Þ � ðUy
objÞ

nþ1
3 ðA4-3Þ

ðeeqfuÞnþ1
4 ¼ ð1 � a4ÞðeeqfuÞn4 þ ð1 � a4Þ � Dt � ðHyÞn4

� ð1 � a4Þ �
Dt
Dy

� ðeeÞnþ1
4 � ðpnþ1

N � pnþ1
O Þ

þ aMf

2RT
� ðeeÞnþ1

4 � ðpnþ1
O þ pnþ1

N Þ � ðUy
objÞ

nþ1
4 ðA4-4Þ

Figure A1. Staggered locations for the fluid quantities
in the field mesh.
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in which, Hx and Hy are the x- and y-components, respec-
tively, of the vector H defined by Eq. 22. In addition, Ux

obj

and Uy
obj are the x- and y-components, respectively, of the

local LSO velocity vector Uobj.
The actual pressure field at the time step number (nþ1),

pnþ1, can be written as a sum of the predicted field, p*, and
the corrected field p

0
, that is

pnþ1 ¼ p� þ p0 (A5)

The predicted pressure field, p*, leads to the predicted mass
flow field, eeqfu, as follows

ðeeqfuÞ�1 ¼ ð1 � a1ÞðeeqfuÞn1 þ ð1 � a1Þ � Dt � ðHxÞn1

� ð1 � a1Þ �
Dt
Dx

� ðeeÞnþ1
1 � ðp�O � p�WÞ

þ aMf

2RT
� ðeeÞnþ1

1 � ðp�O þ p�WÞ � ðUx
objÞ

nþ1
1 ðA6-1Þ

ðeeqfuÞ�2 ¼ ð1 � a2ÞðeeqfuÞn2 þ ð1 � a2Þ � Dt � ðHxÞn2

� ð1 � a2Þ �
Dt
Dx

� ðeeÞnþ1
2 � ðp�E � p�OÞ þ

aMf

2RT
�

ðeeÞnþ1
2 � ðp�O þ p�EÞ � ðUx

objÞ
nþ1
2 ðA6-2Þ

ðeeqfuÞ�3 ¼ ð1 � a3ÞðeeqfuÞn3 þ ð1 � a3Þ � Dt � ðHyÞn3

� ð1 � a3Þ �
Dt
Dy

� ðeeÞnþ1
3 � ðp�O � p�SÞ þ

aMf

2RT
�

ðeeÞnþ1
3 � ðp�O þ p�SÞ � ðU

y
objÞ

nþ1
3 ðA6-3Þ

ðeeqfuÞ�4 ¼ ð1 � a4ÞðeeqfuÞn4 þ ð1 � a4Þ � Dt � ðHyÞn4

� ð1 � a4Þ �
Dt
Dy

� ðeeÞnþ1
4 � ðp�N � p�OÞ þ

aMf

2RT
�

ðeeÞnþ1
4 � ðp�O þ p�NÞ � ðU

y
objÞ

nþ1
4 ðA6-4Þ

Using the correlation Eq. A5, the subtraction of Eq. A6 from
Eq. A4 gives

ðeeqfuÞnþ1
1 ¼ ðeeqfuÞ�1 � ð1 � a1Þ �

Dt
Dx

� ðeeÞnþ1
1 � ðp0O � p0WÞ

þ aMf

2RT
� ðeeÞnþ1

1 � ðp0O þ p0WÞ � ðUx
objÞ

nþ1
1 ðA7-1Þ

ðeeqfuÞnþ1
2 ¼ ðeeqfuÞ�2 � ð1 � a2Þ �

Dt
Dx

� ðeeÞnþ1
2 � ðp0E � p0OÞ

þ aMf

2RT
� ðeeÞnþ1

2 � ðp0O þ p0EÞ � ðUx
objÞ

nþ1
2 ðA7-2Þ

ðeeqfuÞnþ1
3 ¼ ðeeqfuÞ�3 � ð1 � a3Þ �

Dt
Dy

� ðeeÞnþ1
3 � ðp0O � p0SÞ

þ aMf

2RT
� ðeeÞnþ1

3 � ðp0O þ p0SÞ � ðU
y
objÞ

nþ1
3 ðA7-3Þ

ðeeqfuÞnþ1
4 ¼ ðeeqfuÞ�4 � ð1 � a4Þ �

Dt
Dy

� ðeeÞnþ1
4 � ðp0N � p0OÞ

þ aMf

2RT
� ðeeÞnþ1

4 � ðp0O þ p0NÞ � ðU
y
objÞ

nþ1
4 ðA7-4Þ

According to the ideal gas law, Eq. 12, the first two terms in
Eq. A1 can be written as

ðeeqfÞnþ1
O ¼ ðeeÞnþ1

O � Mf

RT
� pnþ1

O ¼ ðeeÞnþ1
O � Mf

RT
� ðp�O þ p0OÞ

(A8)

ðeeqfÞnO ¼ ðeeÞnO � Mf

RT
� pnO (A9)

By substituting Eqs. A7, A8, and A9 into Eq. A1 and reor-
ganizing the equation, the pressure-correction equation for
the cell O can be obtained as

aOp
0
O þ ða0W þ a00WÞp0W þ ða0E þ a00EÞp0E þ ða0S þ a00SÞp0S

þ ða0N þ a00NÞp0N ¼ b ðA10Þ
in which,

aIW ¼ ð1 � a1ÞðeeÞnþ1
1

Dt
Dx

� �2

(A11)

aIIW ¼ Dt
Dx

� aMf

2RT
ðeeÞnþ1

1 ðUx
objÞ

nþ1
1 (A12)

aIE ¼ ð1 � a2ÞðeeÞnþ1
2

Dt
Dx

� �2

(A13)

aIIE ¼ � Dt
Dx

� aMf

2RT
ðeeÞnþ1

2 ðUx
objÞ

nþ1
2 (A14)

aIS ¼ ð1 � a3ÞðeeÞnþ1
3

Dt
Dy

� �2

(A15)

aIIS ¼ Dt
Dy

� aMf

2RT
ðeeÞnþ1

3 ðUy
objÞ

nþ1
3 (A16)

aIN ¼ ð1 � a4ÞðeeÞnþ1
4

Dt
Dy

� �2

(A17)

aIIN ¼ � Dt
Dy

� aMf

2RT
ðeeÞnþ1

4 ðUy
objÞ

nþ1
4 (A18)

aO ¼ aIIW � aIW þ aIIE � aIE þ aIIS

� aIS þ aIIN � aIN � ðeeÞnþ1
O � Mf

RT
ðA19Þ

and

b ¼ ðeeÞnþ1
O � Mf

RT
� p�O � ðeeÞnO � Mf

RT
� pnO

þ Dt
Dx

½ðeeqfuÞ�2 � ðeeqfuÞ�1� þ
Dt
Dy

½ðeeqfuÞ�4 � ðeeqfuÞ�3�

¼ ðeeÞnþ1
O � q�O � ðeeÞnO � qnO þ Dt

Dx
½ðeeqfuÞ�2 � ðeeqfuÞ�1�

þ Dt
Dy

½ðeeqfuÞ�4 � ðeeqfuÞ�3� ðA20Þ

Similarly, the pressure-correction equations can be obtained
for all the fluid cells, and the corrected pressure in each cell
can be determined by solving this set of linear equations.
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